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2/- theory for the tangential Cauchy-Riemann equation 

cn 1 

^ : Christine LAUREXT-THIEBAUT 

S3 

Our purpose is to extend to the tangential Cauchy-Riemann operator the LP theory, 
for p > 1, developed for the Cauchy-Riemann operator in [6j. We will replace complex 
| manifolds by s-concave locally embeddable generic CR manifolds and the Cauchy-Riemann 

complex by the tangential Cauchy-Riemann complex. We have to restrict ourself to locally 
embeddable CR manifolds since, up to now, very few is known in abstract CR manifolds 
outside the case of compact CR manifolds, where some results were obtained by CD. Hill 
and M. Nacinovich [1] and by M.-C. Shaw and L. Wang [16] . 

Compare to the complex case some new difficulties arise in the CR setting since the 
Poincare lemma for the tangential Cauchy-Riemann operator fails to hold in all degrees. 
In particular the Dolbeault isomorphism does not hold in all degrees and its classical proof 
Q\ ■ works no more for large degrees. 

We are particularly interested in solving the tangential Cauchy-Riemann equation with 
exact support in LP spaces. We consider the following Cauchy problem. 

Let M be a C°°-smooth, generic CR submanifold of real codimension & in a complex 
manifold X of complex dimension n and D a relatively compact domain in M with C°°- 
smooth boundary. For p > 1, given any (r, g)-form / with coefficients in L P (M), < r < n 
and 1 < q < n — k, such that 



supp / C D and d^f = in the weak sense in M, 

does there exists a (r,q — l)-forme g with coefficients in L V {M) such that 

supp g C D and d^g = f in the weak sense in M ? 

We prove (see Corollary I3,10p that the answer is yes as soon as M is s-concave, s > 
2, D is the transversal intersection of M with a relatively compact completely strictly 
pseudoconvex domain in X with C°°-smooth boundary, p > 1 and 1 < q < s — 1. 

The paper is organized as follows. In section one we recall the main definitions of the 
theory of CR manifolds. 

In the second section we develop the Lf oc theory, we prove a Poincare lemma with L p 
estimates for the tangential Cauchy-Riemann operator and study the Dolbeault isomor- 
phism. We prove 
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Theoreme 0.1. Let M be a C°° -smooth, generic, s-concave, s > 1, Ci? submanifold of 
real codimension k of a complex manifold X of complex dimension n and p > 1 a real 
number. If < r < n, the natural maps 

^ q : H™(M) -+ (M) and % : H™ (M) -> tf^(M) 

loc loc 

satisfy: 

(i) &q and ^q are surjective, if < q < s — 1 or n — k — s+l<q<n— k. 

(ii) <3?g and ^$>q are injective, if < q < s or n — k — s + 2<q<n — k. 
If < r < n, the natural maps 

: H^{M) ^ H r c %{M) and ^ : H r c %{M) -> # c % r (M) 

(fy ^c,g a^ic? ^c,q are surjective, if < q < s — 1 or n — k — s + l<q<n — k. 
(ii) $c,g (fici ^c,q ore injective, ifO<q<s or n — k — s + 2<q<n — k. 

Then we extend the Serre duality introduced in [7] to the L^ oc tangential Cauchy- 
Riemann complexes, p > 1, and get some density results and a theorem on the solvability 
in IP spaces of the tangential Cauchy-Riemann equation with compact support in bidegree 
(0,1). 

The last section is devoted to the IP theory. First using local IP results proved in 
|12j . we develop an IP Andreotti-Grauert theory for large degrees. Then using once again 
Serre duality, we solve the weak Cauchy problem in IP for the tangential Cauchy-Riemann 
operator. 

I would like to thank E. Russ who pointed me out the reference [5] to study the 
compacity of operators between IP spaces. 

1 CR manifolds 

Let M be a C°°-smooth, paracompact differential manifold, we denote by TM the tangent 
bundle of M and by TcM = C <8> TM the complexified tangent bundle. 

Definition 1.1. An almost CR structure on M is a subbundle Hq jM of T^M such that 
#0,iM n if ,iM = {0}. 

If the almost CR structure is integrable, i.e. for all Z,W € T(M, H 0il M) then [Z, W] € 
r(M, H 0j iM) , it is called a CR structure. 

If Hq^xM. is a CR structure, the pair (M, JJq.iM) is called an abstract CR manifold. 

The CR-dimension of M is defined by CR-dim M = rk c H ,iM. 

We set Hi fi M = # ,i M and HM = #i,oM © H 0A M. For A G HM, let A 0,1 denote 
the projection of X on Ho iM and A 1 ' its projection on H\ oM. 

From now on let n and k be integers such that the CR manifold M is of real dimension 
2n — k and CR-dimension n — k. 

Definition 1.2. Let (M, H ,i M ) an d ( M '> #o,i M ') be two CR manifolds and F : M -> M' 
a C 1 -map. The map F is called a CR map if and only if for each x € M, dF((Ho t iM) x ) C 
(H 0jl M') Fix) . 
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In particular, if (M, Hq^M.) is a CR manifold and / a complex valued function, then 
/ is a CR function if and only if for any L G Hq iM. we have Lf = 0. 

We denote by H^M the dual bundle (F ,i M )* of #o,i M - Let A 0,9 M = /^(H^M), 
then Cg i9 (M) = V s (M, A°><?M) is called the space of (0, g)-forms of class C s , s > on M. 

If the almost CR structure is a CR structure, i.e. if it is integrable, and if s > 1, then 
we can define an operator 

d b : C %(M)^C S -^(M) (1.1) 

called the tangential Cauchy-Riemann operator by setting d b f = df\ HQ iM x-xh imt ^ 
satisfies 9b o 9;, = and a complex valued function / is a CR function if and only if 
d b f = 

Let us consider the quotient bundle TM = T^M/Hq^M. and the canonical bundle map 
7T : TqM — )■ TM. 

For u G r°°(M, i^i^M), we define the tangential Cauchy-Riemann operator by setting 

d b u(L) = ir[L, W], 

if L G T(M, iJ ,iM) and W G r°°(M, T C M) satisfies tt(W) = u. By the integrability of the 
CR structure, this does not depend on the choice of W with ir(W) = u. 

Let us consider the vector bundle A p ' q M = A P (TM)* <g> A°' q M of (p, g)-forms on M and 
set £ p,q (M.) = r°°(M, A P ' 9 M). We can define the tangential Cauchy-Riemann operator on 
£ p > q (M) by setting for u G £P>°(M) 

v 

(d b u{L))(Li, ...,L P ) = L(u(L u . . . , L p )) - ^ u(L u Lj_i, L(Lj), L i+1 , ...,L p ), 

i=i 

for any L G r(M, Hq^M) and U G r(M, TM), 1 < i < p, where L(Lj) = d 6 L;(L) is 
defined as above, and 

q+l - 
(B b e(L u . . . ,L,+i))(Li, . . . , L p ) = £(-l)'' +1 (a 6 (0(Zi, ,L ?+1 ))(L j ))(L 1 , . . . , L p ) 

+ y"](-l) J ' +fe fl([Lj, Lfe], Li, . . . ,Lj, . . . , L fe , . . . , L ?+ i)(Li, . . . , L p ), 
i<fc 

if € £ P,<? (M), Li, . . . ,L g+1 G r(M,L r ,iM) and Lj G F(TM), 1 < i < p. 

So we get a differential complex (£ P '*(M), <9&) called the tangential Cauchy-Riemann 
complex for smooth forms. We denote by H P ^(M) the associated cohomology groups. 

Let V p ' q (M) be the space of compactly supported elements of £ p ' q (M). We put on 
£ p ' q (M) the topology of uniform convergence on compact sets of the sections and all their 
derivatives. Endowed with this topology £ p,q (Wl) is a Frechet-Schwartz space. Let K be 
a compact subset of M and Z?^ 9 (M) the closed subspace of £ p,q (M) of forms with support 
in K endowed with the induced topology. Choose (K n ) ne ^ an exhausting sequence of 
compact subsets of M. Then V p > q (M) = U n > L^(M). We put on V p > q (M) the strict 
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inductive limit topology defined by the FS-spaces (M). By restricting the tangen- 
tial Cauchy-Riemann operator to T> p ' q (M.) we get a new complex (£> P, *(M), c^), whose 
cohomology groups are denoted H^^(M). 

The space of currents on M of bidimension (p, q) or bidegree (n — p,n — k — q) is the 
dual of the space V p,q (M) and is denoted either by T>' (M), if we use the graduation 
given by the bidimension, or by V' n ~ p > n - k - q (M), if we use the graduation given by the 
bidegree. An element of T>' n ~ p ' n ~ k ~ q {M) can be identified with a distribution section of 
A n -P' n - fc -"M. We define the tangential Cauchy-Riemann operator on V' n ~ p ' n ~ k ~ q (M) as 
the transpose map of the df, operator from X ,P,<?_1 (M) into T> p ' q (M), we still denote it by 
db since its restriction to £ n ~ p > n ~ k ~ q (M.) coincides with the <9& operator on smooth forms 
and we get a new complex (D /n_p,, (M), db), the tangential Cauchy-Riemann complex for 
currents, which is the dual complex of the complex (D p, '(M.),db) (see section 2 in [7j). 
The cohomology groups are denoted by Hcur P ' q (M). Finally the dual of £ p ' q (M) 
denoted either by £^ q (M) or £'n- P ,n-k-q(y^ is the space of currents on M of bidimension 
(p, q) or bidegree (n — p,n — k — q) with compact support. Restricting the db operator 
from V' n - p < n - k - q (M) to £' n ~ p < n - k - q (M), we get a fourth complex (£' n ~ p '*(M),db), whose 
cohomology groups are denoted by Hc^ur- n ~ k 9 (M). This complex is the dual complex of 
the complex (£ p ' m (M), ~5 b ) (see section 2 in [7]). 

The annihilator H°U of HM = H lfi M H 0A M in T^M is called the characteristic 
bundle of M. Given p G M, u G H°M and X,Y e H p M, we choose u G r(M, H°M) and 

X,Y G r(M,fTM) with w p = w, A p = A and ? p = F. Then dw(X,y) = -w([Jf,y]). 
Therefore we can associate to each to G H®Wi an hermitian form 

LUX) = -iLu([X,X]) (1.2) 

on (i?i j0 ) p M. This is called the Levi form of M at u G i?°M. 

In the study of the cVcomplex two important geometric conditions were introduced 
for CR manifolds of real dimension 2n — k and CR-dimension n — k. The first one by 
Kohn in the hypersurface case, k = 1, the condition Y(q), the second one by Henkin in 
codimension k, k > 1, the g-concavity. 

A CR manifold M satisfies Kohn's condition V(g) at a point p G M for some < q < 
n — 1, if the Levi form of M at p has at least max(n — q, q + 1) eigenvalues of the same 
sign or at least min(n — q, q + 1) eigenvalues of opposite signs. 

A CR manifold M is said to be q-concave at p G M for some < g < n — k, if the 
Levi form at ui G H5M has at least g negative eigenvalues on H p M. for every nonzero 
w G #°M. 

In [16] the condition Y(q) is extended to arbitrary codimension. 

Definition 1.3. An abstract CR manifold is said to satisfy condition Y(q) for some 
1 < q < n — k ah p (zWlii the Levi form L u at u G iT^M has at least n — k — q + 1 positive 
eigenvalues or at least q + 1 negative eigenvalues on H p M. for every nonzero u G H®M.. 

Note that in the hypersurface type case, i.e. k = 1, this condition is equivalent to the 
classical condition Y(q) of Kohn for hypersurfaces and in particular if the CR structure is 
strictly peudoconvex, i.e. the Levi form is positive definite or negative definite, condition 
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Y(q) holds for all 1 < q < n — 1. Moreover, if M is g-concave at p € M, then q < {n — k)/ 2 
and condition Y(r) is satisfied at p € M for any < r < q — 1 and n—k—q+1 < r < n — k. 

Definition 1.4. Let (M, i?o,iM) be an abstract CR manifold, X be a complex manifold 
and F : M — > X be an embedding of class C°°, then F is called a CiZ embedding if 
ciF (ffo.iM) is a subbundle of the bundle Tq^X of the holomorphic vector fields on X and 
dF(H 0>1 M) = T 0jl X n T C F(M). 

Let i 7 be a CR embedding of an abstract CR manifold into a complex manifold X and 
set M = F(M), then M is a CR manifold with the CR structure H 0A M = T 0jl X n T c Af. 
Let U be a coordinate domain in X, then i 7 ]^ = (/i, . . . , /at), with iV = dimcX, 

and F is a CR embedding if and only if, for all 1 < j < N, dbfj = 0. 
A CR embedding is called generic if dimcX — rkcH"o,iM = codimigM. 

Most of the known results on CR manifolds concern CR manifolds which are locally 
embeddable at each point in C n and s-concave, s > 1. Moreover by a theorem of CD. 
Hill and M. Nacinovich ([4J, Proposition 3.1), each s-concave, s > 1, CR manifold, which 
is locally embeddable at each point, can be generically embedded in a complex manifold. 
Consequently in most of the cases assuming that the abstract CR manifold M is in fact a 
generic CR submanifold M of a complex manifold X is not a restriction. 

2 L^ oc -cohomology for the tangential Cauchy-Riemann op- 
erator 

Let M be a C°°-smooth CR manifold of real dimension 2n — k and CR-dimension n — k. 
We equip M with an hermitian metric such that HifiM. _L Hq^M.. If p is a real number 
such that p > 1, let us consider the subspace (Lf oc ) r ' q (Wl) of D' r ' q (M.) consisting in the 
L^ oc -sections of the vector bundle A r,9 M, < r < n and < q < n — k, endowed with the 
topology of FP convergence on compact subsets of M. Taking the restriction to (F^ oc ) r,q (M) 
of the tangential Cauchy-Riemann operator for currents we get an unbounded operator 
whose domain of definition is the set of forms / with Lf oc coefficients such that d^f has 
also Lf oc coefficients and since db o d\, = we get a complex of unbounded operators 
((Lf oc ) r '*(M),S 6 ). We denote by H r ^ (M) the associated cohomolo gy groups. 

loc 

Let us consider the dual space of (Lf oc ) r ' g (M), when 1 < p < oo. Since the injection 
of £ r 'i(M) into (Lf oc ) r -9(M) has a dense image, the dual space of (Lf oc ) r ><?(M) is included 
in £' n ~ r,n ~ k ~ q (M) the space of (n — r, n — k — (?)-currents with compact support on M, 
moreover by the Holder inequality it coincides with the space (L§ ) n ~ r ' n ~ k ~ q (M) of L p ' 
forms with compact support in M with p' such that = + -K = 1 and the duality pairing 

is defined by < /, g >= j M f A g. Taking again the restriction to (FP C ) r,<? (M) of the tan- 
gential Cauchy-Riemann operator for currents, we get a complex of unbounded operators 
((L? ) n ~ r ''(M),db)- We denote by H™ p ,(M) the associated cohomology groups. The 

complexes ((Lf oc ) r '*(M), d b ) and ((L^ ) n ~ r >* (M) ,d b ) , with p' such that J + £ = 1, are 
clearly dual to each other. 
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2.1 Dolbeault isomorphism 

Let M be a C°°-smooth abstract CR manifold of real dimension 2n — k, k > 0, and 
CR-dimension n — k. 

As in the complex case some relations between the smooth <9b-cohomology groups of 
M, the <9;,-cohomology groups in the sense of currents of M and the L^ oc c^-cohomology 
groups of M will result from a CR analog of the Dolbeault isomorphism. Let f2 r M be the 
sheaf of CR (r, 0)-forms, < r < n on M. If we can prove that the complexes (f r '*(M), db), 
(V' r >'(M),d b ) and ((Lf oc ) r >'(M), d b ) are resolutions of the sheaf O r M, these groups will 
be isomorphic to the sheaf cohomology groups H'(M, il r M). This will be true if M is 
CR-hypoelliptic, which means that all CR (r, 0)-forms on an open subset of M are C°°- 
smooth and if the Poincare lemma for the db operator holds in the C°°-smooth category, 
the current category and the Lf oc category in degree q, 1 < q < t(M), for some integer 
i(M) depending on the geometry of M. In that case for 1 < q < t(M), one gets 

H q (M,n r M) ~ fQ?(M) ~ flSf r (M) ~ H]* (M). 

loc 

Unfortunately results on CR-hypoellipticity or on the validity of the Poincare lemma 
for the d b operator are only proven under the hypothesis that M is locally embeddable 
and satisfies some concavity conditions. Therefore it comes from the remark at the end of 
section [T] that it is not a real restriction to assume that M is generically embedded in a 
complex manifold. 

From now on we assume that M = M is a C°°-smooth, generic CR submanifold of real 
co dimension A; in a complex manifold X of complex dimension n. 

In that case the db operator is CR-hypoelliptic as soon as M is 1-concave (cf. pQ, 
Corollaire 0.2) and the Poincare lemma holds for the d b operator in the smooth and in the 
current categories in bidegree (r, q), < r < n and 1 < q < s—1 or n — k — s + 1 < q < n — k, 
if M is s-concave, s > 2 (cf. [3], p], [H], pj). 

Moreover in this setting, the Poincare lemma holds also in the L^ oc category, 

Lemme 2.1. Let M be a C 00 'smooth, generic, s-concave, s > 1, CR submanifold of real 
codimension k of a complex manifold X of complex dimension n and p > 1 a real number. 
For each x E M , there exists an open neighborhood U of x and an open neighborhood 
V CC U of x such that for any db-closed form f € (L^ oc ) r ' q (U), < r < n and 1 < q < s— 1 
or n — k — s + l<q<n — k, there exists g 6 {L p loc ) r ' q ~ l {V) such that f = dbg on V . 

Proof. Let U be an open neighborhood of x such that the Bochner-Martinelli type formula 
from [1| holds. We get from Theorem 0.1 in [1] that there exists some continuous operators 
Pj^f from V r > q (U) into S r ' q - l (U), 0<r<n and l<q<s or n-k-s+l<q<n-k, 
such that, for any C°°-smooth (r, g)-form u with compact support in U, < r < n and 
l<q<s — lorn — k — s+l<q<n — k, 

u = d b R^u + R^ q+l d b u. (2.1) 

The operators R 7 ^ are integral operators whose kernel R r ^ are of weak type J?"-, (cf. [12], 
Lemma 4.2.2). Hence the operators R 7 ^ extend as continuous operators from (Lc) r ' q (U) 
into (Lf^Y'i-i-Qj) and (JSHJ still holds if u G (L p c ) r > q {U) n Dom(d b ). 
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Let / G (^f ac ) r ' <7 (^ r ) a enclosed form on U and x a C°°-smooth, positive function on 
M with compact support in U and constant equal to 1 on some neighborhood V CC U of 
X, then 

Xf = d b R^( X f) + RT%(xf) 

= d b R r M 9 {xf) + R r M 9+ \(d b x)^f). 

Since the singularities of the kernels R3 are concentrated on the diagonal of U x U and 
the support of d b x is contained in U\V, the differential form R r ^ +1 ((d b x) A/) is a smooth 
enclosed form on V. By the Poincare lemma for the d b operator for C°°-smooth forms 
there exists an open neighborhood V CC V of x and a differential form h G £ r,q ~ 1 {V) 
suchjhat R r ^ +l ((d bX ) A /) = d b h. If we set g = R r ^(xf) + h then g G (if oc ) r,9_1 (^) and 
/ = <9 6 # on V. □ 

Theoreme 2.2. Let M be a C°° -smooth, generic, s-concave, s > 1, CR submanifold of 
real codimension k of a complex manifold X of complex dimension n and p > 1 a real 
number. 

If < r < n and < q < s — 1, the natural maps 

^ : H%(M) -> tq% (M) and ^ : H r J (M) -> fl™ (M) 

Zoc Zoc 

are isomorphisms, still called Dolbeault isomorphisms. 
More precisely for all < r < n we have: 

(i) If 1 < 9 < s — 1, /or any / € (L^ oc ) r,l? (Af) mf/i 9^/ = and any neighborhood U 
of the support of f, there exists g G ) r ' 9 (M) wii/i support in U such that f — d b g G 
£ r ' q (M). 

(ii) If 1 < q < s and if f G (L^ oc ) r,l? (M) satisfies f = d b S for some current S G 
V r ' q (M), then, for any neighborhood U of the support of S, there exists g G (Lj' oc ) r ' 9 (M) 
with support in U such that f = d b g on M. 

Proof. For < q < s — 1, the proof works as in the complex case, see Propositions 1.1, 1.2 
and 1.4 in |6j. 

Let us consider the case q = s. Following the proof of Theorem 5.1 in [7], it is sufficient 
to prove that for each x G M, there exists an open neighborhood V of x such that for any 
(r, s-l)-current T on M with d b T G (Lf oc ) r ' s (M), there exists g G (I& c ) r,a ~ 1 (V) such that 
9f,T = d b g on V. Let J7 be an open neighborhood of x such that the Bochner-Martinelli 
type formula from [1] holds. For < r < n and n — k — s+l<q<n— k, there exists 
some continuous operators R r S from T> r ' q (U) into £ r,q ~ 1 (U), such that, for any C°°-smooth 
(r, g)-form it with compact support in U„ < r < n and n — k — s + 1 <q < n — k, 

u = d b R r ^u + R r $ +1 d b u. (2.2) 

Let us denote by R r $ from E' r ' q {U) into D"^- 1 ^/) the transpose of R n M r ' n ~ k ~ q+1 , < 
r < n and 1 < q < s, then by duality, since the d b operator for currents is the transpose 
of the d b operator for C°°-smooth forms, we have for any (r, g)-current T with compact 
support in U, < r < n and < q < s — 1 

T = d b R r «T + R r « +l d b T. (2.3) 
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where we have set = 0. Moreover since, by the proof of Lemma [2 .1\ the operators R r ^ q 
extend as continuous operators from (Lc) r ' q (U) into (L^ oc ) r ' l? ~ 1 (L r ) for any p > 1, their 
transpose operators Rj^ define continuous operators from (L p c ) r,q {U) into (L^ oc ) r,q ~ 1 (U) 
for any p > 1 . For p = 1 note that R r ^j is still an integral operator whose kernel is of weak 
type a|=T hence continuous from (Ll) r > q (U) into (L, 1 oc ) r ' 9 ~ 1 ([/). 

Assume T is a (r, s — l)-current on M with d fe T G (Lf oc ) r > s (M). Let 7 CC (/ be 
an open neighborhood of x and x a C°°-smooth, positive function on M with compact 
support in U and constant equal to 1 on some neighborhood of V, then we can apply (|2.3p 
to yT and take the d b of it, so we get 

d b ( X T) = d b (RX%(xT)). (2.4) 

Note that d b (xT) = X~dbT + d b (x) A T with X 3 6 T G (Lf oc r> s (M), if b T G (Lf oc )^(M), 
and support of 9ft(x) A T is contained in U \ V. Since the operators are continuous from 
(Lc ) r ' q (U) into (L^ oc ) r ' q ~ 1 (U) and the singularity of their kernel is contained in the diagonal 
of U x U, the restiction to V of the current R r ^ +1 d b (xT) is a form # G (-kf oc ) r,<?-1 (V) such 
that 5 b T = d b g on V. □ 

Corollaire 2.3. Let M be a C°° -smooth, connected, non compact, generic, s-concave, s > 
1, Ci? submanifold of real codimension k of a complex manifold X of complex dimension 
n and p > 1 a real number. If < r < n and < q < s — 1, the natural maps 

^ : K%{M) -+ H r c %{M) and : ^ (M) ^ ff c %(M) 

are isomorphisms. Moreover &c,s and ^c,s are only infective. 

In particular Hc'oo(M) = implies H^'1 P (M) = 0, when < r < n and 1 < q < s — 1 
and Hc' } cur(M) = implies H^ P (M) = 0, when < r < n and 1 < q < s. 

Proof. First assume < q < s — 1. As in the complex case, since H^(M) ~ Hcur(M), 
the natural map 0c,q = ° ^c,g from Hc'^o(M) — > H T c ' q ur (M) is an isomorphism, con- 
sequently the map <&c,q is injective and the map *$>c,q is surjective. Moreover by Theorem 
5.1 in [7] the map &c, s is injective and so is &c,s- On the other hand the assertion (i) of 
Theorem 12.21 implies that $c,q is surjective and the assertion (ii) of Theorem 12.21 implies 
that ^>c,q is injective. Moreover the last statement remains true if q = s. □ 

Unfortunately the Poincare lemma for the d b operator fails to hold in any category in 
bidegree (r, q) for < r < n and s < q < n — k — s, when M is s-concave, hence the classical 
cohomological methods can no more be applied to get the Dolbeault isomorphisms when 
q > n — k — s + 1, even if the Poincare lemma holds for such q. The method developed in 
[10] cannot either be used to get the Dolbeault isomorphisms with the L^ oc cohomology 
groups in high degrees since the notion of trace is not well defined in L p . We will use the 
regularization method introduced by S. Sambou in [15] . which depends on the fundamental 
solution for the d b operator constructed in [I]. 

Theoreme 2.4. Let M be a C°° -smooth, generic, s-concave, s > 1, CR submanifold of 
real codimension k of a complex manifold X of complex dimension n and p > 1 a real 
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number. If < r < n, the natural maps 

^ q : H%(M) -> H r * (M) and : H™ (M) -> (M) 

Zoc Zoc 

sate/?/; 

(%) &q and are surjective, if n — k — s + 1 < q < n — k. 
(ii) &q and ^q are injective, if n — k — s+2<q<n— k. 

In particular H^(M) = implies H' q (M) = 0, when < r < n and n — k — 

loc 

s + 1 < q < n — k and Hcur(M) = implies H r ^ q (M) = 0, when < r < n and 

loc 

n — k — s+2<q<n— k. 

Proof. In |15j . S. Sambou proved that for any < r < n and 1 < q < s — 1 or n — k — s + 1 < 
q < n — k there exists linear operators 

: V ,r ' q (M) -> £ r ' 9 (M) and A r>g : V lr,q {M) — >■ V ,r ' q ~ 1 (M) 

such that ^4 ri(J has the same regularity properties than the operators i?^ defined in the 
proof of Theorem l2.2l in particular is continuous from (L^ oc ) r '' ? (M) into (Lf oc ) r ' 9_1 (M) 
for p > 1 and from £ r > q (M) into £ r > qll (M), and, for any T G V' r > q (M), 

T = R r , q T + A-, 9+ ld 6 T + d b A r , q T, 

ifl<q<s — 2orn — k — s + l<q<n — k and 

r = R r , q T + d b A T . :g T, 

i£q = s-l and d b T = 0. 

It follows that for / G (Lf oc ) r '"(M) with d 6 / = we get / = R r>q f + d b A r>q f where 
-Rr,g/ is C°°-smooth on M and ^4 r ,g/ is £f oc - Hence Qq is surjective for 1 < q < s — 1 or 
n — k — s + l<q<n — k. In the same way we get that ^ is surjective ifl<g<s — 1 
or n-k-s + l<q<n-k, since £ r,q (M) C (Lf oc ) r ' 9 (M). 

If / G (L^ oc ) r ' q (M) satisfies / = d b T, where T is a (r, q — l)-current on M, then 
/ = d b {R rs -\T + A r>q f) iorl<q<sorn— k — s + 2<q<n — k and R r ^q-\T + A-,<?/ G 
(L^ oc ) r ' 9 (M). Hence ^ is injective, ifl < q < s or n — k — s + 2 < q < n — k. The proof of 
the injectivity of &q uses the same arguments since the operators A r ^ q is continuous from 
£ r ' q (M) into E r ' q ~ 1 {M). □ 

Note that the proof of Theorem 12.41 gives also an alternative proof for the Dolbeault 
isomorphism in small degrees. 

As in the complex case, it follows from Theorem 12.41 that the assertion (ii) from The- 
orem 12.21 holds also for n — k — s + 2<q<n — k. 

Corollaire 2.5. Let M be a C°° -smooth, generic, s-concave, s > 1, CR submanifold of 
real codimension k of a complex manifold X of complex dimension n and p > 1 a real 
number. Let (r, q) such that < r < n and 1 < q < s or n — k — s + 2<q<n — k, and 
f G (Lc) r,q (M) with f = d b S for some current S G V' r ' q ~ 1 (M), then, for any neighborhood 
U of the support of S, there exists g G {L%) r,q ~ l (M ) with d b g = f and supp g C U . 
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Moreover the Dolbeault isomorphism holds also in large degrees for the cohomology 
groups with compact support. 

Corollaire 2.6. Let M be a C°° -smooth, generic, s-concave, s > 1, CR submanifold of 
real codimension k of a complex manifold X of complex dimension n and p > 1 a real 
number. If < r < n and n — k — s + 2<q<n — k, the natural maps 

: Hl%{M) ^ H r c %{M) and : H r c %(M) -> H^ cur (M) 

are isomorphisms. Moreover <& p cn _ k _ s+l and Tl -k-s+i are on ^ surjective. 

In particular H c '^o{M) = implies H r c q LP {M) = 0, when < r < n and n — k — 
s + l<q<n — k and H r c ]i ur (M) = implies H^'j jP (M) = 0, when < r < n and 
n — k — s + 2<q<n — k . 

To end this section we will precise the support of the solution of the tangential Cauchy- 
Riemann equation d b g = f, when / is a (r, l)-form, < r < n, with compact support in 
M and IP coefficients. 

Proposition 2.7. Let M be a C°° -smooth, connected, generic, 1-concave CR submanifold 
of real codimension k of a complex manifold X of complex dimension n, D a relatively 
compact subset of M and p > 1 a real number. Assume Hc',cur{M) = for < r < n, 
and M \ D is connected, then for any d^-closed (r, l)-form f with support in D and IP 
coefficients there exists a unique (r,0)-form g with IP coefficients and such that d^g = f 
and supp g C D. 

Proof. Since M is 1-concave, it follows from Corollary 12.31 that for any < r < n, 
' iC ur(M) — implies H^' LP (M) — 0. Hence there exists an (r, 0)-form g with com- 
pact support in M and LP coefficients such that dbg = f ■ The form g vanishes on some 
open subset of M \ D and is CR on M \ supp /, which contains M\D. By analytic 
continuation, which holds in 1-concave manifolds, g vanishes on M\D, since M \ D is 
connected, therefore supp g C D. Let h be another solution with compact support in M, 
then g — h is CR with compact support in M, hence vanishes on M since M is connected 
and g = h. □ 

2.2 Serre duality 

In this section M will always be a C°°-smooth, generic CR submanifold of real codimension 
k in a n-dimensional complex manifold X. 

As we already mentioned in the previous section, if p and p' satisfy | + ^7 = 1, the spaces 

(Lf oc ) r '^(M) and (Z| ) n - r » n -*-«(M) are dual from each other, with the duality pairing < 
/, g >= f M fAg and we get two dual complexes ((Lf oc ) r >'(M), d b ) and ((L£') n - r <'(M), 3 b ) 
for each < r < n. 

Fix some integer r, < r < n. We can apply Theorem 1.5 in [7] to the complexes 
(V r '',d b ), {£' r '',d b ) and ((L?') n - r '*(M),d fe ). We deduce that if | + £ = 1, for any 
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< q < n — k, the natural maps 




k 



'(M)) 

«(M))' 

9 (M))' 
9 (M))' 



k 



k 



k 



k 



q {M))'. 



are isomorphisms. 



Moreover, from Theorem 3.2 in j7). we get that H^cuf 1 k q {M) is Hausdorff if and 
only if Ho§^ (M) is Hausdorff and if these assertions hold, then 



We deduce easily that, if there exists an integer s(M) > 1 such that H^(M) is 
Hausdorff for < q < s(M) — 1 and n — k — s(M) + 1 < q < n — k, then 



if 1 < q < s(M) and n — k — s(M) + 2 < q < n — k. In particular 

H r J(M) = for < g < s(M) - 1 and n - k - s(M) + l<q<n-k 

implies 

H r c ' q ur {M) = for < q < s(M) - 1 and n - k - s(M) + 2<q<n-k. 
Associated with the Corollaries 12.31 and 12.61 this gives 

Proposition 2.8. Let M be a C°° -smooth, generic, s-concave, s > 1, CR submanifold 
of real codimension k in a n- dimensional complex manifold X and p > 1 a real number. 
Assume that H^(M) = for < r < n and < q < s — 1 or n — k — s+l<q<n — k, 
then H^'^ P (M) = for < r < n and < q < s — 1 or n — k — s+2<q<n— k. 

We will use the following notations: 




(M))'. 



H. 



Z% r {M) is Hausdorff and H r c ' q cur {M) ~ (ff; 



"n—r,n—k—q 
oo 



(M))' 



2£?(Af) = £ m {M) n ker d 6 , E r ^ q {M) = £ r ' q (M) n Imd 6 

Z^(M) = X> r »«(M) n ker d&, K%{M) = V r ' q (M) n Imd 6 

Z™. (M) = P' r ' 9 (M) n ker d b , KuA M ) = V' T ' q {M) n Im5 fe 

Z c r ; c ^ r (M) = f ,r ' q (M) n ker d b , E r c %r(M) = £' r ' q (M ) n Im 5 fe 

(M) = (Lf oc )^(M) n ker 9 6 , 25$ ( M ) = (^D™ W H W 6 

loc loc 

Z r < q LP {M) = (LP) r > q (M) n ker d b , E%h( M ) = WW H W 6 



In the L p setting the Serre duality can be expressed in the following way: 
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Theoreme 2.9. Let M be a C°° -smooth, generic CR submanifold of real codimension k 
in a n- dimensional complex manifold X. Let r, q G N with < r < n and < q < n — k, 
then for p,p' G R with - + \ = 1 the following assertions are equivalent: 

(1) E n ~^ n - k -\M) = {ge {LlT-^- k -\M) I < g,f >= 0,V/ G Z^, (M)} 
(ii) H™- L l' n - k - q {M) is Hausdorff 

(Hi) E r ^\M) = {ge (L( oc y*+\M) I < g, f >= 0, V/ € Z™~£p n ~ k ~ q ~ l (M)} 

loc 

(iv) iT; 9 , +1 (M) is Hausdorff. 

^loc 

If these assertions hold, then 

H n c -r~ k -\M) ~ (fl™ (M))' 

loc 

Zoc c >^ 

Proo/. Since for each < r < n the complexes ((Lf oc ) r '*(M), 6 ) and ((L p ') n ~ r ''(M),d b ) 
are dual complexes and ((L^ oc ) r,, (M), 5^) is a complex of Frechet-Schwartz spaces, we can 
apply Theorem 1.6 of [9]. □ 

As in [9], we will use Serre duality to get some density theorems for the spaces of LP 
forms. 

Theoreme 2.10. Let M be aC 00 -smooth, connected, non compact, generic, 1-concave CR 
submanifold of real codimension k in a n-dimensional complex manifold X andp > 1 a real 
number. For any integer r, < r < n, the space Z^ l ~ k ~ 1 (M) of C 00 -smooth, d b -closed, 
(r,n — k — 1) -forms is dense in the space Z r, ™~ ~ 1 (M) of ' d b - closed, (r,n — k — l)-forms 

L loc 

with L p loc coefficients for the L p oc topology. 

Proof. By the Hahn-Banach theorem, it is sufficient to prove that for any g G {L v c ) n_r ' 1 (M) 
such that < g,(p >= for all cp G Z^ 1 1 (M), we have < g,f >= for all / € 
Z r L ?- k -\M). Let 

loc 

g G {Lt) n - r ^{M) n {T G £' n - r '\M) \ < T,ip >= 0, V</3 G Z'^'^iM)}. 

Malgrange's theorem [8] claims that, under the assumptions of the theorem, H^ l ~ k (M) = 
0, then by Serre duality (see Theorem 3.2 in [9]) we get that g G {Lt) n ^' l {M)r\E^^{M). 
From assertion (ii) in Theorem 12.21 we deduce that there exists h G (L? ) n ~ r '°(M) such 
that g = d b h. Let / G Z r T 'p~ k -\M), then <g,f >=< d b h, f >=< h,d b f >= 0. □ 

Adding the assumption that some cohomology group is Hausdorff to replace Mal- 
grange's theorem the previous theorem can be extended to s-concave CR manifold, s > 1. 

Theoreme 2.11. Let M be a C°° -smooth, generic, s-concave, 1 < s < n — k, CR sub- 
manifold of real codimension k in an n-dimensional complex manifold X and p > 1 a real 
number. For any integers r,q, < r < n and 1 < q < s, assume that H^~ k ~ q+l (M) is 
Hausdorff, then the space Z^ l ~ k ~ 9 (M) of C°° -smooth, d b -closed, (r,n — k — q)-forms is 
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dense in the space Z^p q (M) of d^-closed, (r, n — k — q)-forms with Lif oc coefficients for 

loc 

the L p loc topology. 

Let us give some geometrical conditions on M which ensure that, for all < r < n, 
H T ^~ k ~ q+1 (M) is Hausdorff for some 1 < q < n — k. 

1) If M is compact and s-concave, by Theorem 4 in [3] or Theorem 4.1 in @], H^ 1 k 9+1 (M) 
is finite dimensional hence Hausdorff for 1 < q < s and n — k — s + 2<q<n — k and 
Hausdorff for q = n — k — s + 1. 

2) If M is connected, non compact and 1-concave, then by Theorem 0.1 in [8], H^~ k (M) = 

0. 

3) The cohomology groups are also finite dimensional hence Hausdorff 
for 1 < q < s, as soon as M is s-concave and admits an exhausting function with good 
pseudoconvexity properties (see for example Theorem 6.1 in [3]). This holds in particular 
when M of real dimension 2n—k is generically embedded in an n-dimensional pseudoconvex 
complex manifold X. 

Let us end by a separation theorem for the IP cohomology with compact support in 
bidegree (r, 1), < r < n. 

Theoreme 2.12. Let M be a C°° -smooth, connected, non compact, generic, 1-concave CR 
submanifold of real codimension k in a n-dimensional complex manifold X andp > 1 a real 
number. For any integer r, < r < n, the cohomology groups H^ P (M) are Hausdorff. 

More precisely, if f € (Lc) r,1 (M) is a db-closed form such that < f,ip >= for all db- 
closed, C 00 -smooth (n — r,n — k — l)-form if in a neighborhood of the support of f, there 
exists a unique g G (L?) r '°(M) such that dbg = f and if the support of f is contained in 
the closure of some relatively compact domain D of M then supp g C D. 

Proof. Under the hypotheses of the theorem, by Theorem 0.1 in [8], H^ r ' n ~ k (M) = 0, 
for all < r < n. Using Theorem 12.41 we get H^ r ' n ~ (M) = for any p > 1 and Serre 

loc 

duality (Theorem 12. 9p implies that the cohomology groups H r c ' LV {M) are Hausdorff for 
all < r < n and any p > 1. In the last assertion the existence of g follows from (i) 
in Theorem 12.91 and from the density of Z^ r,n ~~ k ~~ 1 (M) in Z 7V P ~ r ' n ~ k ~ 1 (M) for the Lf oc 

loc 

topology proved in Theorem 12. 101 The uniqueness of g results from analytic continuation 
in connected 1-concave CR manifolds and of the non compactness of M. To get the 
support condition let us replace the CR manifold M by M = M \ {z\, . . . , z{\, where the 
points z\, . . . ,z\ are chosen such that 2, 6 Di, i = 1, . . . , I, and the D^s, i = 1, . . . , I, are 
the relatively compact connected components of M \ D. The new manifold M has the 
same properties than M and we get that in fact the support of g is a compact subset of 
M, moreover g is CR in M \ D and vanishes in a neighborhood of each Zi, i = 1, . . . , / , 
therefore by analytic continuation it vanishes on M \ D. □ 

Note that, if the orthogonality condition is only satisfied for the forms tp G Z^ r,n ~ k ~ 1 (M) 
we have to assume as in Proposition 12.71 that M \ D is connected to get that the support 
of g is contained in D. 
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3 L p -theory for the tangential Cauchy-Riemann operator 

Throughout this section M will always be a C°°-smooth, generic CR submanifold of real 
codimension k in a complex manifold X of complex dimension n and D a relatively compact 
domain in M with rectifiable boundary. We equip X with an hermitian metric such that 
TiflX _L Tq^X and we consider on M the induced metric then Hi^M _L Hq\M. We 
denote by dV the volume form on M associated to that metric. 

For any real number p > 1, we define the space L P (D) as the set of all functions / on 
D with complex values such that \f\ p is integrable on D. Since D CC X, we have 

V(D) c £{X)\ D c W{D), 

where £(X)\ D is the space of restrictions to D of C°°-smooth functions on X and T>(D) 
the subspace of C°°-smooth functions with compact support in D. The space L P {D) is a 
Banach space, it is the completed space of T>{D) for the ||.|| p -norm defined by 

ll/ll P = (/ l/W'. 

Jd 

For any fixed r, < r < n, we consider the spaces L p ^ q {D) of (r, g)-forms, < q < n — k, 
with L p coefficients and we are going to define unbounded operators from Lr, q {D) into 
L p rq+ i{D) whose restriction to the space V r,q (D) will coincide with the tangential Cauchy- 
Riemann operator assocated to the CR structure on M. 

Let us define df, jC : Lr, q (D) — > L p r q+1 (D) as the closed minimal extension of df,^ r q , 
it is a closed operator by definition and / G Dom(db, c ) if and only if there exists a sequence 
(fu)ueN of forms in V r ' q (D) and a form g S T> r,q+1 (D) such that (f u )ueN converges to / 
in Lr tq (D) and (dbfu)ueN converges to g in L v r +1 (D), and we have g = db, c f- 

We can also consider db, s '■ Lr, q (D) — > L P . q+1 (D), the closed minimal extension of 

<9b| , it is also a closed operator and / G Dom(db iS ) if and only if there exists a 

( ' '\d 

sequence (f^) u eN of forms in £ r,q (M) and a form g € £ r,q+1 (M) such that (f v )ueN converges 
to / in Lr <q (D) and (dbf v )ueN converges to g in L^ g+1 (.D), and we have g = d^^f- 

Since Lf tq (D) is a subspace of the space of currents on D, the dt operator is defined 
on Lr, g (-D) in the weak sense, so we can define two operators db : c ■ Lr >q (D) — > L p r +l (D) 
and db ■ L p >q (D) — >■ L p +1 (D) which coincides with the db in the sense of currents and 
whose domains of definition are respectively 

Dom(d b ,c) = {/ G L p jq (M) | supp / C D,d b f G L P JM)} 

and 

Dom(d b ) = {/ G L p q (D) \ 8 b f G L^p)}. 

When the boundary of -D is sufficiently smooth (at least Lipschitz), we get the following 
proposition, which is a direct consequence of Friedrichs' Lemma, which holds in L p , p > 1. 
Its proof is the same as in the complex case (see lemma 4.3.2 in [2] and lemma 2.4 in |llj). 
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Proposition 3.1. Let D be a relatively compact domain with Lipschitz boundary in a 
CR submanifold M of a complex manifold X and r, q be integers with < r < n and 
< q < n — k. 

(i) A differential form f G Ly,q(D) belongs to the domain of definition of the db operator 
if and only if there exists a sequence (fu)ueN of forms in £ r,q {D) such that the sequences 
(fu)u€N and {df u )v£fi converge respectively to f anddbf in \\.\\ p norm. Therefore db yS = db- 

(ii) A differential form f G Lr )q {D) belongs to the domain of definition of the db )C 
operator if and only if the forms fo and dbfo are both in L*(M), where /q denotes the 
extension by of f on M\D. Therefore db, c = $6 Z- 

We will denote respectively by H T £p(D) and H~^ P (D) the cohomology groups associated 
to the complexes (Lr t ,(D),db) and (Lf >m (D), d^c)- 

3.1 Andreotti-Grauert theory in LP for large degrees 

In this section we will extend to the CR case a part of the results obtained in section 2.2 
in ©. 

We will consider the case when D is the intersection of M with a strictly pseudoconvex 
domain of X, more precisely 

Definition 3.2. Let M be a C°°-smooth, s-concave, s > 1, generic CR submanifold of real 
codimension k in a complex manifold X of complex dimension n. A relatively compact 
domain D in M is said to be completely strictly s-convex if there exists a real, C°°-smooth, 
strictly plurisubharmonic function p defined on a neighborhood U of D in X such that 

D = MR {x G U | p[x) < 0}. 

We will say that D is strictly s-convex if the function p is only defined on a neighborhood 
of the boundary of D. 

When X = C n , the solvability with L p -estimates of the c^-equation in completely 
strictly s-convex domains of a s-concave, s > 1, generic CR submanifold M has been 
studied in |12j . In particular the following result is proven 

Theoreme 3.3. Let M be a C°° -smooth, s-concave, s > 1, generic CR submanifold of real 
codimension k in C n and D a relatively compact strictly s-convex domain in M with C°°- 
smooth boundary. Lfp> 1, there exists some bounded linear operators TTj from L%^ q (D) 
into L p r ,{D), < r < n, n — k — s + \<q<n — k, such that for any f G Lr, q (D) with 
dbf = in D, we have dbT q "_ 1 f = f . 

Let us go back to the case X is a complex manifold. 

Theoreme 3.4. Let M be a C°° -smooth, s-concave, s > 1, generic CR submanifold of 
real codimension k in a complex manifold X of complex dimension n and D a relatively 
compact strictly s-convex domain in M with C°° -smooth boundary. Lf p > 1, there exists 
some bounded linear operators T^_ l from Lr y q(D) into and compact operators 
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K r q from Lr,q(D) into itself, < r < n, n — k — s + l<q<n — k, such that for any 
f £ Lf t q(D) with dbf = in D, we have 



f = d b Trj + K r J. 



r,q i 



Therefore, for < r < n and n — k — s + l<q<n — k, the cohomology groups H£p(D) 
are finite dimensional and d b (L p r q _ 1 (D)) is a closed subspace of Lr, q (D). 

Proof. First consider the case when / is C°°-smooth up to the boundary. Using an open 
covering (Uj)j^j of D and a partition (xj)j<aJ of unity associated to this covering, we can 
derive a global homotopy formula from the local one in Theorem 2.3.1 in [12]. There exist 
integral operators IT i and K r such that 

T Ui ' = E T i(Xi/) and K r q f = T, T ^(Xj)M) 

jeJ jeJ 



and 

f = d b T r g _ 1 f + T r g d b f + K;f. 
The local operators Tj are associated to local kernels Rj and Gj in the following way 

Tjip) = (-l)(«-+9)(*+D+^[ f ^(C) A R,(.,C) + (-1)"^ +1 / V (C) A C)], 

if is a C°°-smooth (r, g)-form with compact support in f/j. Following section 4 in |12| . 
we define new kernels Gj(z,Q which are integrable and also their first derivatives in £ for 
each fixed z and moreover coincide with the kernels Gj when £ £ <9D n C/j and z € DnUj. 
Applying Stokes formula we get 

T J M = (-i)(^)( fc+1 )+ M ^[/ 93 (C)A J R,(.,c) + (-i) r+(?+1 / dwiO^GjU) 

JDnUj 
<p(0 A (d 6 ) c G,- (.,()], 

J 

if is a C°°-smooth (r, g)-form with compact support in Uj . 
This gives 

/ = M^-lf + ^-i^/) + T r q d b f + K\f + L^/, (3.1) 

with 

K-xf =Y J (-l) {r+q)ik+1)+m ^ 1 l [ XjiOttO A^iUC) 

+ (-i) r+9+1 / 5 6 x i (C)A/(C)AG i (.,C)- / x,(C)/(C)A(5 fe ) c G,(.,C)], 
JDnUj JDnUj 

S r q -ld b f = V(-i) fe ^ +1+M ^ / X^CWtOAG^U), 
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Vfrf = V(-l)^ +M ^ / te(C)Aa b /(C)AG,-(.,C) 



and 



K r q f = Y,{-^t +q){k+l)+kJ ^[ I WOa/COa^-CC) 

te(C)A/(c)A(a fe ) c G,(.,c)]. 



It follows from section 4.2 in [12], that the operators IT i are bounded linear opera- 
tors from Lr } q(D) into 1% ^(D), the operators S q-1 are bounded linear operators from 
L p rq+1 {D) into L^ q _ 1 (D), the operators L£ are bounded linear operators from L v r +1 (D) 
into Lr, q {D) and the operators K q are bounded linear operators from Lr ; q(D) into itself 
since the kernels are respectively of weak type 2 ^" 1 , 2 ^ 2 and 2n+r 

Assume now that / 6 Lr yq (D) satisfies 9;,/ = in D. By (i) from Proposition 13.11 there 
exists a sequence (f u )ueN of forms in S r,q (D) such that the sequence (fv)i/eN converges to 
/ and the sequence (df u ) ue n converges to in LP norm on D. Applying (|3.ip to the forms 
f u and letting v tends to infinity, the continuity of the operators IT_ 1 , S q _ 1 , U q and if£ 
in LP norm on D implies 

/ = 5 6 f;_ 1 / + ^/. (3.2) 

It remains to prove that the operators K q are compact operators from Lr,q(D) into 



itself. Then Ld — K q will be a Predholm operator from Z£%(D), the space of ^-closed 



q 

i. q win d j- i cu-iivjiiii wperduwi ii win \ 
L p -forms on D, into itself whose range is contained in db(L p .(D)) by formula (13, 2| ) 
and therefore the dimension of the cohomology group H r £p{D) will be smaller than the 
codimension of the range of Ld — K q which is finite. The open mapping theorem gives 
then that db(L p q _ 1 (D)) is a closed subspace of Lr t q(D). 

To prove the compacity of the operators K q from Lr, q (D) into itself, we will use the 
estimates of the kernel (db)c;Gj(z, () given in section 4.2 of pj2] and follow the proof of 
Lemma 2.20 in 0. Since K r q = £ i6J (-l) (r+9)(fe+1)+ ^^ +1 K i , with 



K jf= / ^(OA/COA^-CO-WcGiCC)) 

if / is a c^-closed form belonging to Lr yq (D), it is sufficient to prove the compacity of each 
operator Kj from Lr,q(D) into itself. 

After a good choice of coordinates the coefficients of the kernel Rj(z, () and (db)^Gj(z, C), 
whose singularities are concentrated on the diagonal, are bounded by H s (( — z), with 
1 < s < k for Rj and 1 < s < k + 2 for (db)(Gj, where 

= nyN+Mr 1 ^' (3 ' 3) 
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Following [5], for any e > 0, we will decompose Kj in two parts, Kj = Kj + K*j where 
Kj and K h - are denned by 

K^f(z) = [ 99(C) A (Rji.,0 - (d b )cGj(.,C)) 

JDn{\z~(\>e} 

and 

= [ <p(0 A (RjU) ~ 

J Dn{\z-C\<e} 
for ip with compact support in Uj. 

Note that the kernel Rj(z, £) — (db)(Gj(z, () is bounded on D n f/j n {\z — (\ > e} and 
therefore Kj is Hilbert-Schmidt and hence compact. 

We will prove that the norm of the operator K e - tends to zero when e tends to zero, 
which will implies that Kj is a compact operator. By Young's inequality and the control 
of the kernels Rj(z, £) and (db)^Gj(z, () by H s (( — z), 1 < s < k + 2, with H s defined by 
(|3.3p . it is sufficient to prove that Ji t i <£ H s (t)dt\ . . . dt2 n -k tends to zero when e tends to 
zero, if 1 < s < k + 2. But as 1 < s < and 1 < s < k + 2, we have 2n — k — s > and 
if t' = (t s+ i, t 2n -k), then 

/ H s (t)dh...dt 2n ^< [ lt Zt + l "s ' i hn ~ k * C / Vr)'cfr = g( E ), 

J|t|<£ ^|t|<£ I 1 I •/ 

using polar coordinates. Since the function (lnr) s is integrable nearby the origine, 5(e) — > 
when e — > 0, which ends the proof. □ 

Exactly as in [6] the Grauert's bumping method can be developed in the LP setting 
for CR manifolds and it follows from Theorems 13.31 and 13.41 that 

Theoreme 3.5. Let M be a C°° -smooth, s-concave, s > 1, generic CR submanifold of 
real codimension k in a complex manifold X of complex dimension n and D a relatively 
compact strictly s-convex domain in M with C°° -smooth boundary. Lf p > 1, for any pair 
(r, q) with < r < n and n — k — s + l<q<n — k, 

loc 

Note that associating Theorem 12.41 to Theorem 13.51 we § e t that H^(D) = implies 
H%{D) = 0. 

As in the complex case (see Corollary 2.11 in [6]), using the previous remark, Theorem 
6.1 in [4] and Theorem 13.31 we get a vanishing theorem when D is completely strictly 
s-convex. 

Corollaire 3.6. Let M be a C 00 -smooth, s-concave, s > 1, generic CR submanifold of 
real codimension k in a complex manifold X of complex dimension n and D a relatively 
compact completely strictly s-convex domain in M with C°° -smooth boundary. Lf p > 1, 
for any pair (r, q) with < r < n and n — k — s + l<q<n — k, 

ir«(D) = 0. 
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More precisely, if < r < n and n — k — s + 1 < q < n — k, there exists a continuous 
linear operator T from the Banach space Z r £p(D) of db- closed (r, q)-forms with coefficients 
in L P (D) into L p q _ 1 (D) such that 

8 b Tf = f for any / G Z r £%(D). 

3.2 Weak Cauchy problem in LP for the tangential Cauchy-Riemann 
operator 

In this section we will study some Cauchy problem. Let M be a C°°-smooth, generic CR 
submanifold of real codimension A; in a complex manifold X of complex dimension n and 
D a relatively compact domain in M with C°°-smooth boundary. For p > 1, given any 
(r, g)-form / with coefficients in L P (M), < r < n and 1 < q < n — k, such that 

supp f C D and d b f = in the weak sense in M, 

does there exists a (r,q — l)-forme g with coefficients in L p {M) such that 

supp g C D and d^g = / in the weak sense in M ? 

A positive answer to this problem is equivalent to the vanishing of the cohomology group 
H r ~ q LP (D,E). 

We will solve this problem using Serre duality. First observe that if p,p' £ I satisfy 
p > 1 and | + ^7 = 1 and r € N satisfy < r < n, the complexes (Lr,m(D),db) and 

(L 1P l _ rm (D),db t c) are dual complexes. 

Proposition 3.7. Let D be a relatively compact domain in M with C°° -smooth boundary. 

(i) The transpose map of the db£ operator from Lr, q (D) into L^ g+1 (D) is the operator 
d h = db ^ from L p , , (D) into L p , (D). 

(ii) The transpose map of the db operator from Lr, q (D) into is the operator 
dc = d b ,c from L^'_ r . jn _ fe _ ? _ 1 ( J D) into L^_ r n _ h _ q {D) . 

Proof. The proof is the same as in the complex case (see Proposition 2.13 in [6]). □ 

Let us recall the following abstract result on duality (see section 2.3 in [6] for more 
details). 

Proposition 3.8. Let (E',d) and (E' 9 ,d') be two dual complexes of reflexive Banach 
spaces with densely defined unbounded operators. Assume that H q (E' 9 ) is Hausdorff and 
H q+l {E'.) = 0, then H^ +1 (E') = 0. 

Let p > 1 be a real number and p' such that ^ + -r = 1. Applying Proposition ^, 8l to the 
complex (E',d) with, for some fixed r such that < r < n, E q = Lr )Q (D) ii < q < n — k 
and E q = {0} if q < or q > n — k, and d = dc, we get 
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Theoreme 3.9. Let M be a C°° -smooth, generic CR submanifold of real codimension k in 
a complex manifold X of complex dimension n and D a relatively compact domain in M 
with C°° -smooth boundary. Letp and p' be two real numbers such that p > 1 and ^ + ^7 = 1 
and q an integer such that 1 < q < n — k. Assume that H ^n-k- q +i^ D) is Hausdorff 
and Hl;, r ' n - k - q (D) = 0, then 

Using the finiteness and vanishing theorems from section 13.14 this gives 

Corollaire 3.10. Let M be a C°° -smooth, s-concave, s > 2, generic CR submanifold of 
real codimension k in a complex manifold X of complex dimension n and D a relatively 
compact completely strictly s -convex domain in M with C°° -smooth boundary. Ifp> 1, for 
any pair (r, q) with < r < n and 1 < q < s — 1, given any (r, q)-form f with coefficients 
in L P (M) such that 

supp / C D and dbf = in the weak sense in M, 

there exists a (r,q — l)-forme g with coefficients in L P {M) such that 

supp g C D and dbg = f in the weak sense in M. 

The case q = 1 was already settled in Proposition 12.71 and Theorem 12.121 under the 
assumptions M is 1-concave, Hllcur(M) = and M\D connected or < /, 99 >= for all 
ip € Z^£ l ~ k ~ 1 (U) for any neighborhood U of D. 
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